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Abstract
In recent years there has been a growing need in practice to model and forecast time series
with more complex seasonal patterns, such as seasonality with long periods, multiple
seasonality. Unfortunately, most of the methods for seasonality modeling are focused on
shorter seasonal periods. The goal of this paper is to present and illustrate different ways of
modeling long seasonal patterns. Special focus is given on models employing a basis
expansion such as the Fourier basis. An illustration is provided making use of an electricity
demand dataset. The real potential of the presented methods lies in their applications to data
associated with performance marketing, supply management and related areas.
Key words: long seasonal period, multiple seasonality, exponential smoothing, Fourier basis,
BATS, TBATS.
1. Introduction
Lots of companies are coming into contact with high volume of data that are recorded with
high frequency. For efficient use of such datasets, there is a need to develop models, which
can be estimated in a fraction of a second and which can also provide accurate predictions.
This data usage can be used to gain a comparative advantage over competitors. For example,
in performance marketing this can be used for efficient campaign planning or for planning of
supply management of high speed goods etc.
The above mentioned time series often contain simple or multiple seasonal patterns with
different periods. Plenty of methods have been suggested in the literature for the purpose of
seasonality modeling. However, most of them are designed for short seasonal periods and
need not be appropriate for modeling seasonality with long periods. The goal of this paper is
to present and illustrate different ways of modeling long seasonal patterns with a special focus
given on models based on basis expansion such as the Fourier basis. An illustration is
provided employing an electricity demand dataset.
The paper is organized as follows. Section 2 introduces methods used for simple
seasonality modeling, i.e. for modeling seasonal components with only one seasonal period.
The section is divided into two parts. In the first part standard approaches to simple
seasonality modeling are introduced. In the second part, an alternative approach based on
basis expansion methods is outlined. Section 3 discusses multiple seasonality modeling, i.e.
modeling seasonal components with more than one seasonal period. Section 4 is focused on
models with complex seasonal patterns, namely the BATS and the TBATS models. Benefits
of different approaches are discussed in Section 5, where the approaches are used to model
the half-hourly electricity demand time series. The results are summarized in Section 6.
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2. Simple Seasonality Modeling
A time series is often assumed to contain several components: the trend component, the
seasonal component and the error component. If the seasonal component contains only one
seasonal pattern (the period being denoted as L), we speak about simple seasonality. Simple
seasonality is usually present in monthly (L = 12) or quarterly (L = 4) time series. Should the
seasonal component contain multiple seasonal patterns with different periods (L1, L2, …),
multiple seasonality is present in the time series. Multiple seasonality can often be found in
time series observed, for example, on a daily basis over several years where the seasonal
component may consist of two seasonal patterns with periods L1 = 7 and L2 = 365.
If the period of a seasonal pattern (either in the case of simple or multiple seasonality) is
rather long – say, (much) greater than 12 – we speak about long seasonal periods.
2.1. Standard Methods for Simple Seasonality Modeling
Common methods used for seasonality modeling are linear regression models with
seasonal dummy variables, SARIMA models and models based on exponential smoothing.
All of these models were primarily constructed for modeling simple seasonality with rather
short periods L.
Probably the simplest model is the one which assumes that a seasonal time series
{Xt: t = 1, …, N} of length N can be written as

X t  Bt  St  Et ,

t  1, ..., N ,

(1)

where {Bt: t = 1, …, N}, {St: t = 1, …, N} and {Et: t = 1, …, N} stand for a non-seasonal
deterministic component (such as a deterministic trend), a seasonal deterministic component
and for a stationary ARMA process. Subsequently, in the context of Equation (1), the
seasonal component {St} can be modeled employing dummy variables. Specifically,
L1

St    k Dk ,t ,

t  1,..., N ,

(2)

k 1

where k (for k = 1, …, L – 1) is a parameter and {Dk,t: t = 1, …, N} (for k = 1, …, L – 1) is
dummy-variable time series which is equal to one for those times t which correspond to the
kth season in the seasonal pattern, otherwise it is equal to zero. An obvious problem with this
seasonality model is the fact that it is necessary to estimate L – 1 parameters, which can be a
computational problem in the case of very long seasonal periods (such as those with L = 365
etc.). Moreover, if the length of the time series N is not much larger than L, the estimators of
the k parameters (for k = 1, …, L – 1) will be highly variable, the estimated seasonal pattern
will be “non-smooth”, and the predictions from the model inaccurate.
Another possible modeling approach is based on SARIMA models, which are a
generalization of ARIMA models that allows for handling seasonality. Specifically, a
SARIMA(p,d,q)(P,D,Q)L model denotes a SARIMA model with non-seasonal orders
(autoregressive order, order of integration and moving-average order) given as p, d and q and
seasonal orders given as P, D and Q, assuming seasonality with period L (Hyndman and
Athanasopoulos, 2013). For example, a SARIMA(1,0,0)(1,0,0)365 model can be written as

(1   B)(1   B 365 ) X t e t ,
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where B denotes the backshift operator (for more details about backshift notation see e.g.
Hyndman and Athanasopoulos 2013),  and  are parameters and {et} is a white noise
process. A big disadvantage of the SARIMA approach is that one is losing L observations if
D = 1, i.e. if seasonal differencing is applied. Another problem is that SARIMA models
cannot guarantee the smoothness of the estimated seasonal pattern.
Another approach to simple seasonality modeling is to employ models based on
exponential smoothing. The most frequently used model is presumably Holt-Winters
exponential smoothing which is capable of handling both additive and multiplicative
seasonality. Since the time of Winter’s modification of the original Holt’s model, many other
modifications have been further suggested which include the possibility to combine additive
and multiplicative components, add a dumping parameter for the trend etc. Probably the
biggest improvement of Holt-Winters exponential smoothing is the innovative state space
approach (Hyndman, 2008) which allows for an easier estimation of model parameters as well
as of the initial values, and is capable of capturing the temporal evolution of the parameters.
Generally speaking the Holt-Winters approach decomposes {Xt} into a level {lt}, trend {bt},
seasonal component {st}, and an error {t}. In the case of an additive model, Holt-Winters
model based on the innovation state space approach without the dumping parameter is given
as
Xt

 l t 1  bt 1  s t  L  ε t ,

l t  l t 1  bt 1   ε t ,
bt  bt 1   ε t ,
st

(4)

 st L    εt ,

where {t} is a sequence of normally independently distributed random variables with zero
mean and constant variance (i.e. Gaussian white noise) and ,  and  are smoothing
parameters for the level, trend and seasonal component (Hyndman and Athanasopoulos,
2013). Besides the smoothing parameters, it is necessary to estimate L initial values
corresponding to the initial state of the seasonal cycle. This can be computationally
demanding. Moreover, the predicted seasonal pattern need not be smooth.
2.2. Fourier, Spline and Wavelet Basis Functions
Let us again assume the model of Equation (1). Another commonly used approach to
representing the seasonal component of the equation is the decomposition of the component
into Fourier basis functions (sines and cosines). Specifically, for an odd value of L, the
seasonal component {St} can be expressed as
L / 2 
L / 2 
 K 
 K 
St  K 1  K sin 2 t   K 1  K cos 2 t ,
L 
L 



t  1,..., N .

(5a)

For an even value of L, we can write
L / 21
L/2
K 
K 


St  K 1  K sin 2 t   K 1  K cos 2 t ,
L 
L 



t  1,..., N .

(5b)

Ks and Ks in both the equations are parameters. The basis functions which are associated
with low values of K capture low-frequency features of the seasonal component, whereas
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those basis functions associated with high values of K capture high-frequency features of the
seasonal component (see also Figure 1). Note that Equations (5a) and (5b) do not provide the
usual decomposition (into sines and cosines) of the time series {Xt: t = 1, …, N} from which
the periodogram could be obtained. Rather, the equations provide the representation of a
periodic seasonal pattern with the period of length L. Consequently, the frequencies of sines
and cosines are of the form K/L in Equations (5a) and (5b) rather than K/N as would the case
in the usual decomposition of {Xt: t = 1, …, N}.
The representation of {St} given in Equations (5a) and (5b) allows for the representation of
a periodic seasonal component of any shape and is practically equivalent to the representation
given in Equation (2). However, in real-life analysis, we often do not have to use all the basis
functions given in Equations (5a) and (5b). A good approximation of the seasonal component
can be achieved if we use only the sines and cosines with the lowest frequencies (i.e. those
corresponding to K = 1, 2, …) since many real-life seasonal components do not contain major
high-frequency features and are of a “smooth” shape. The reduction of the number of sines
and cosines (by assuming only those with the lowest frequencies) also leads to the reduction
of the number of parameters (Ks and Ks) which have to be estimated. This can be beneficial
for forecasting purposes due to the bias-variance trade-off issue.
Figure 1: The six basis functions of Equation (5a) for L = 7

Note: The first row corresponds to sines, the second row to cosines. The columns correspond to K = 1, 2 and 3.
Only the first 7 values are plotted for each function since the functions are periodic with the period equal to 7.
Source: the authors.

One of the disadvantages of the Fourier basis is the fact that the basis functions are not
localized in time. Consequently, the Fourier basis does not allow for the representation of
local characteristics present in the seasonal pattern. For this purpose, basis functions based on
regression splines or wavelets (see e.g. Gencay et al., 2001) could potentially be used instead.
Alternatively, penalized splines (P-splines) can be employed for seasonality modeling (Lee
and Durbán, 2012).
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3. Multiple Seasonality Modeling
Only models for simple seasonality have been discussed so far. However, many economic
time series contain multiple seasonality. In order to model multiple seasonality, the previously
mentioned models for simple seasonality can be slightly modified. Specifically, let us assume
a time series where the seasonal component consists of M seasonal patterns with
periods L1, L2, …, LM.
The models of simple seasonality based on dummy variables and the SARIMA approach
(see Section 2.1) can be straightforwardly extended to handle multiple seasonality. In the
former case, there will be M sets of dummy variables, each set being associated with one of
the M seasonal patterns. In the latter case, there will be M seasonal parts in the model, each
part corresponding to one of the M seasonal patterns.
The model of Equation (4) can be generalized to handle multiple seasonality as follows
Xt

 lt 1  bt 1  i 1 st(i )Li  εt ,
M

lt  lt 1  bt 1   εt ,
bt  bt 1   εt ,
( 1)
st(1)  st  L1   L1 εt ,

(6)


st( M )  st(MLM)   L εt .
M

The number of initial values that have to be estimated can be a computational problem for the
model of Equation (6). For example, if there are two seasonal patterns (i.e. M = 2) with
periods L1 and L2, we must estimate L1 + L2 initial values. If L1 is divisible by L2, the number
of initial values to be estimated can be slightly reduced (e.g. Gould, 2008).
Another approach to handle the issue with a large number of parameters is to assume the
model of Equation (1) and represent the seasonal component of this model in terms of Fourier
basis functions analogously to Section 2.2., i.e.
M  hi 1
 K  hi 2
 K 
St    iK sin 2 t    iK cos 2 t  ,
i 1  K 1
 Li  K 1
 Li 

(7)

where hi1 = hi2 = floor(Li/2) if Li is odd1, hi1 = Li/2 – 1 if Li is even, and hi2 = Li/2 if Li is even.
Analogously to the case of simple seasonality, we do not have to use all the frequencies for
each component and it may be sufficient to use only the lowest ones. Again, such an approach
can be beneficial in terms of the bias-variance trade-off issue and the forecast accuracy.
4. BATS and TBATS
The BATS and TBATS models are extensions of the approaches mentioned above. When
employing these models, the observed time series is transformed using the Box-Cox
transformation at first. The motivation behind this transformation is to handle nonlinearity
which can be present in the original time series.

1

The function floor(x) returns the greatest integer that is less than or equal to x.
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4.1 BATS Model
The acronym BATS stands for Box-Cox transformation, ARMA errors, and Trend and
Seasonality. The original time series is transformed using the Box-Cox transformation. The
transformed time series is denoted as Xt(), where  is a parameter of the transformation
which has to be estimated. Subsequently, the BATS model employs a slight modification of
the Holt-Winters method. Specifically, following de Livera et al. (2012) the BATS model can
be written as
X t 

 X t  1

,
 
 log X t ,

  0,
  0,
M

X t   l t 1   bt 1   s t(i )Li  d t ,
i 1

(8)

l t  l t 1   bt 1  d t ,
bt  (1   )b   bt 1  d t ,
s t( i )  s t(i )Li   i d t ,
p

q

i 1

i 1

d t    i d t i    i  t i   t ,

where  is the parameter of the Box-Cox transformation, lt is the local level of the time series
at time t, b is the long run trend, bt is the short run trend at time t, st(i) is the ith seasonal
pattern at time t, dt denotes an ARMA(p, q) process of orders p and q at time t, and t is a
Gaussian white noise at time t. α, β and i (for i = 1, 2, …, M ) are smoothing parameters.  is
the so-called dumping parameter and allows for the flattening of the trend in the long run. To
sum up, the BATS model has the following parameters {ω, , p, q, L1, L2, ..., LM}. A special
case of the BATS model is the BATS(1, 1, 0, 0, L1) model which corresponds to the classical
Holt-Winters simple exponential smoothing. The BATS model inherits a lot of bad properties
of the classical Holt-Winters method including the problem with long seasonal periods.
4.2 TBATS Model
The TBATS model is useful when a time series with a complicated seasonal pattern is
encountered. The first letter T in TBATS stands for the trigonometric representation.
Specifically, the problem with the overparametrization of the BATS model is resolved by
decomposing the seasonal pattern into trigonometric functions. Unlike in Equation (8), the
TBATS model brings further modifications such as the use of the innovative state space
approach etc. For a more detailed description of the TBATS model see de Livera et al. (2012).
The TBATS model has the following parameters {ω, , p, q, {L1;K1}, {L2;K2}, ...,{LM;KM}}.
Parameters ω, , p, q and L1, …, LM are consistent with the BATS model, and parameters K1,
…, KM denote the number of frequencies used within each seasonal component. Each seasonal
pattern is represented by a specific decomposition which means that one can use different
number of frequencies (K1, …, KM) for each seasonality component.

297

19th Applications of Mathematics and Statistics in Economics – AMSE 2016
Banská Štiavnica, Slovakia
31 Aug 2016 – 4 Sep 2016

To sum up:
1) The TBATS model reduces the parameter space without a negative impact on the
predictive accuracy.
2) The TBATS model can deal with nested and non-nested multiple seasonal components (the
term non-nested seasonal components means that the length of the longer seasonal
component is not divisible by the length of the shorter one.).
3) The TBATS model handles nonlinear features in time series.
4) The TBATS model can take any autocorrelation in residuals into account.
5) The TBATS model provides a much simpler estimation procedure.
As was already mentioned, the TBATS model is very similar to the BATS model. The
main difference between the two models is that in the TBATS model each seasonal pattern is
represented by a specific decomposition using the Fourier basis. This decomposition is also
extended by the state space approach which means that the parameters of every single
decomposition are perceived as time series. Following de Livera et al. (2012) the seasonal
component in the TBATS model can be represented as
st( i )



Ki

s

(i )
j ,t

,

j 1

s (ji,t)
s j ,(ti)1

 2j  ( i )
 2j 
  s j ,t 1 sin 
   1( i ) d t ,
s (ji,t)1 cos 
 Li 
 Li 
 2j  ( i )
 2j 
  s j ,t 1 cos 
   2( i ) d t ,
  s j ,t 1 sin 
 Li 
 Li 


(9)

where 1(i) and 2(i) (for i = 1, 2, …, M ) are smoothing parameters (as in Equation (8)), dt again
denotes an ARMA(p, q) process and Ki = Li/2 when Li is even and Ki = (Li – 1)/2 when Li is
odd.
5. Electricity Demand Modeling
Short term electricity demand modeling is crucial in terms of production planning. It is
necessary for the safety and reliability of the electric system. Making use of the Taylor time
series (e.g. Taylor, 2003) from the R forecast package (e.g. Hyndman, 2008), we will
illustrate the implementation of different methods for seasonality modeling mentioned in the
previous sections. The time series captures half-hourly electricity demand in England and
Wales from Monday 5 June 2000 to Sunday 27 August 2000 (see Figure 2).
The time series consists of 4032 observations covering 84 days (12 weeks). In the upper part
of Figure 2 the seasonal pattern with L = 336 (one week) is visible. From the bottom part of
Figure 2 the seasonal pattern with L = 48 (one day) is visible. In order to compare the
different approaches to seasonality modeling, the time series will be split into a training part
represented by the first ten weeks and an evaluation part represented by the last two weeks.
Five approaches to modeling seasonality will be employed. Namely,
1) The model of Equation (1) combined with Equation (2) with L = 48. The Bt component in
Equation (1) was set to zero and Et is assumed to be an ARMA(3,2) process. The order of
the ARMA process was chosen based on the “auto arima” procedure (see e.g. Hyndman
and Khandakar, 2009).
2) The model of Equation (1) combined with Equation (5b) with L = 336 where only the
lowest frequencies of sines and cosines are employed (see the text below Equation (5b)).
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Specifically, based on the Akaike information criterion the frequencies corresponding to
the first 40 lowest values of K are assumed.
3) Double-seasonal Holt-Winters model with L1 = 336 and L2 = 48 (by the double-seasonal
Holt-Winters model we mean the Holt-Winters model with two seasonal components).
4) BATS model (the parameter of the Box-Cox transformation, and the smoothing and
dumping parameters are estimated using maximum likelihood, other parameters being
estimated using Kalman filter. The order of the ARMA process is determined using
automatic selection based on the Akaike information criterion).
5) TBATS model. The estimation procedure is very similar to the BATS model. Moreover, in
the TBATS model the number of frequencies for each seasonal component is determined
using automatic selection based on Akaike information criterion.
Figure 2: Half-hourly electricity demand in England and Wales.

Note: Top figure shows the entire time series. Bottom figure shows only the first 336 observations (7 days).
Source: the authors.

Following the estimation procedure, predictions two weeks ahead will be compared with
the evaluation part, root mean squared error (RMSE) being used as an evaluation criterion.
Regarding computational complexity, the BATS model (Model 4) is unsuitable for this type
of time series. Specifically, the estimation of the BATS model has not converged.
Table 1: Values of RMSE for the assumed models.

Characteristic
RMSE

Model 1
3260.30

Model 2
672.95

Source: the authors.
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Model 3
1097.15

Model 4
-

Model 5
1382.88
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The highest RMSE was achieved for Model 1. This is not surprising since Model 1 is the
simplest model capturing only the short seasonal pattern and employing many parameters at
the same time. On the other hand, Model 2 has achieved the lowest RMSE. Very good results
have also been obtained for Model 3. Model 5 performs similarly to Model 3.
Model 5 can also be used to provide the decomposition of the original time series, see
Figure 3. The figure consists of five subplots. The subplots describe the temporal dynamics of
(starting from the second subplot) the level term, the trend term, the seasonal pattern with
L1 = 48, and the seasonal pattern with L2 = 336.
Figure 3: Decomposition of electricity demand time series using the TBATS model.

Source: the authors.

6. Conclusion
This paper summarized the most common methods used for modeling seasonality with
long seasonal periods. In Section 5 we demonstrated that even a simple model, i.e. Model 2,
can give better predictions than more complex models (BATS, TBATS etc.). On the other
hand, the complexity of the BATS and TBATS models guarantees suitability for a wider
range of time series. To make a more reliable evaluation of the forecast accuracy of different
models, it would be necessary to compare the models on a larger set of time series.
As in Section 5, the electricity demand time series was used only for the purpose of
illustration. Further research will be focused on more practical applications in the area of
supply management and performance marketing. The models described above could be used
for modeling demand in any area where the construction of hourly prediction is relevant. The
reason for constructing such predictions could be the efficient supply planning or efficient
planning of marketing campaigns.
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Potential improvements of the approaches employing Fourier basis functions can also be
obtained by using different basis functions such as splines, wavelets etc. Those improvements
along with the currently used models could help develop systems that can help companies
achieve comparative advantage over competitors.
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